Abstract. Our main result states that for each finite complex L the category TOP of topological spaces possesses a model category structure (in the sense of Quillen) whose weak equivalences are precisely maps which induce isomorphisms of all [L]-homotopy groups. The concept of [L]-homotopy has earlier been introduced by the first author and is based on Dranishnikov's notion of extension dimension. As a corollary we obtain an algebraic characterization of [L]-homotopy equivalences between [L]-complexes. This result extends two classical theorems of J. H. C. Whitehead. One of them -describing homotopy equivalences between CW-complexes as maps inducing isomorphisms of all homotopy groups -is obtained by letting L = {point}. The other -describing n-homotopy equivalences between at most (n + 1)-dimensional CW-complexes as maps inducing isomorphisms of k-dimensional homotopy groups with k ≤ n -by letting L = S n+1 , n ≥ 0.
Introduction
The basic concept of the model category, introduced by Quillen [25] , provides an extremely useful tool for developing axiomatic homotopy theory in very general situations (see, for instance, [21] , [22] , [19] , [3] ). Recall that a model category structure can be introduced into a category by specifying three classes of morphisms, called fibrations, cofibration and weak equivalences, which satisfy certain axioms. By passing to the "homotopy category" Ho(C) of a model category C one formally inverts weak equivalences (if both domain and range are nice -cofibrant and fibrant simultaneously). In other words, in the quotient category Ho(C) weak equivalences become homotopy equivalences. This fundamental fact manifests itself in different ways in particular situations. Even though the axioms of model categories are verifiable in a wide variety [14] , [1] , [20] of situations, they are reminiscent of well-known properties of homotopies for topological spaces. Obviously the category TOP of topological spaces itself possesses a model category structure (see, for instance, [14] ).
equivalence, i.e. for each k = 0, 1, . . . and each x ∈ X the induced map π k (X, x) → π k (Y, f (x)) is an isomorphism.
It should be noted that there exists [26] a model category structure on TOP whose weak equivalences are just standard homotopy equivalences. These two structures are essentially different although the weak equivalences between CWcomplexes in the corresponding homotopy categories become invertible, i.e. coincide with the ordinary homotopy equivalences. Clearly, for the latter structure this fact is true by definition (for any spaces). As for the former, the corresponding fact simply restates the following well known theorem of J.H.C.Whitehead [28, 29] (note that CW -complexes are cofibrant and fibrant in the first structure).
Theorem B. A map between CW-complexes (or, more generally, ANE-spaces) is a homotopy equivalence if and only if it induces isomorphisms of all homotopy groups.
There is one more type of model category structures on TOP closely related to the ordinary homotopies. Consider, for each n = 0, 1, . . . , Whitehead's ntypes [30] based on the concept of n-homotopy introduced in [17] . Algebraic models for n-types (the so called cat n -groups) were found in [24] . Approximately at the same time n-homotopies (and subsequently even n-shapes [7] , [6] ) begun to play a substantial role in the revitalized theory of Menger manifolds [2] , [5] (see [8] for a discussion of categorical connections between n-homotopies and homotopies via the theories of manifolds modeled on Menger and Hilbert cubes respectively). The following theorem has been proved in [16] .
Theorem C. Let n = 0, 1, . . . . The category TOP of topological spaces admits a model category structure where a map f : X → Y is a weak equivalence if it is a weak n-homotopy equivalence, i.e. for each k = 0, 1, . . . , n and each x ∈ X the induced map π k (X, x) → π k (Y, f (x)) is an isomorphism.
The corresponding homotopy category Ho n (TOP) is a model category for the above mentioned notion of n-type. It is essential to note that the invertibility of weak equivalences in Ho n (TOP), in analogy with Theorem B, restates another well-known result of Whitehead [28] .
Theorem D.
A map between at most n-dimensional CW-complexes (or, more generally, at most n-dimensional LC n−1 -spaces) is an n-homotopy equivalence if and only if it induces isomorphisms of the k-th homotopy groups for each k ≤ n − 1.
Below, for each finite CW-complex L we consider the concept of [L]-homotopy introduced in [4] . We also present detailed description of L-homotopy groups also introduced in [4] . Our main result is as follows. This result also extends both theorems B and D. The first is obtained by letting L = {point} and the other by assuming L = S n . The concept of [L]-homotopy differs from the notions of homotopy or nhomotopy (see comment right before Definition 3.1) and it seems very interesting to develop this theory further as well as to consider corresponding homology and cohomology theories. There are some indications that such theories could be better designed for investigation of particular geometric constructions arising within the extension theory. Conversely, particular methods used in developing the theory of extension dimension (which led to [L]-homotopies) could be useful in building dimension theory in particular model categories.
The paper is organized as follows. In Section 2 we collect necessary definitions related to model categories and extension types of complexes. Section 3 discusses the concept of [L]-homotopy, introduced earlier by the first author. In particular, we define [L]-homotopy groups. Finally, in Section 4, we prove our main result (Theorem 4.7) which provides an explicit description of a model category structure of TOP whose weak equivalences are precisely maps inducing isomorphisms of all [L]-homotopy groups.
The authors are grateful to the referee whose comments and suggestions led to a substantial improvement of the original exposition.
Preliminaries
In this section we present relevant definitions and results regarding model categories and extension dimension.
2.1. Model categories. We begin with the Quillen's concept of the model category.
Definition 2.1. A model category is a category C with three distinguished classes of maps:
(i) weak equivalences, (ii) fibrations, (iii) cofibrations, each of which is closed under compositions and contains all identity maps. A map which is both a fibration (respectively, cofibration) and a weak equivalence is called an acyclic fibration (respectively, acyclic cofibration). We require the following axioms: (MC1) Finite limits and colimits exist in C. (MC2) If f and g are maps in C such that gf is defined and if two of the three maps f , g, gf are weak equivalences, then so is the third. (MC3) If f is a retract of g and g is a fibration, cofibration or a weak equivalence, then so is f . (MC4) Given a commutative diagram
of unbroken arrows, a lift (the broken arrow) exists in either of the following two situations: (i) i is a cofibration and p is an acyclic fibration, or (ii) i is an acyclic cofibration and p is a fibration. (MC5) Any map f can be factored in two ways: (i) f = pi, where i is a cofibration and p is an acyclic fibration, and (ii) f = qj, where j is an acyclic cofibration and q is a fibration.
If C is a model category, then it has an initial object and a terminal object (the first being the colimit and the second being the limit of the empty diagram). An object in C is called cofibrant if the map from the initial object to it is a cofibration. Similarly an object in C is called fibrant if the map from it to the terminal object is a fibration. C cf denotes the full subcategory of C consisting of objects which are simultaneously cofibrant and fibrant.
The 
Extension Types and Extension Dimension.
For spaces X and L, the notation L ∈ A(N)E(X) means that every map f : A → L, defined on a closed subspace A of X, admits an extensionf : X → L (respectively,f : G → L) over X (respectively, over a neighborhood G of A in X).
This notation allows us to define a preorder relation ≤ on the class of CWcomplexes. Following [9] , we say that L ≤ K if for each space X the condition L ∈ AE(X) implies the condition K ∈ AE(X). The preorder relation ≤ naturally generates the equivalence relation:
the equivalence class of L. These equivalence classes of complexes are called extension types. The above defined relation ≤ creates a partial order in the class of extension types. This partial order will still be denoted by ≤. Note that under these definitions the class of all extension types has both maximal and minimal elements. The minimal element is the extension type of the 0-dimensional sphere S 0 (i.e. the two-point discrete space) and the maximal element is obviously the extension type of the one-point space { * } (or, equivalently, of any contractible complex).
Example 2.3. The following observations express some basic properties of the above order.
the cohomological dimension of X with coefficients in an abelian group G and K(G, n) denotes the corresponding Eilenberg-MacLane complex, i.e. a complex satisfying the following conditions:
The last part follows from [10] (for n = 3) and [15] [12] ).
The Homotopy Extension Theorem implies the following trivial observation.
Observe that [S n ∨ S n+1 ] = [S n ] which shows that homotopy inequivalent complexes might have the same extension type.
The following notion is introduced by A. Dranishnikov (see [9] and [11] ). The extension dimension of a Tychonov space X is less than or equal to [L] 
[L]-homotopies and [L]-complexes
Throughout this section L stands for a finite CW-complex. Let A be a subspace of a Polish space X and let f 0 , f 1 : X → Y be two maps such that f 0 (x) = f 1 (x) for each x ∈ A. Then f 0 and f 1 are said to be [L]-homotopic
The following diagram illustrates the situation:
It is easy to verify [4, Proposition 2.7] that extension dimension of a locally compact polyhedron is identical with its standard dimension. However the concept of [L]-homotopy differs from the classical concepts of homotopy or n-homotopy even for maps between finite polyhedra -this can be easily understood analyzing the identity map of the complex indicated in example 2.3(viii).
The class of spaces with respect to which [L]-homotopies behave well is identified in the following definition.
Definition 3.1 (Definition 2.2, [4] ). We say that a space X is an absolute (neighborhood) extensor modulo L, or shortly that Important examples of approximately L-soft maps between polyhedra are those whose non-trivial fibers are topological (or, more generally, homotopical) copies of the complex L.
Proof. Consider the map φ :
Let also h :
Next consider the map ϕ :
which, according to (a), is well defined. It is easy to see that the following diagram of unbroken arrows commutes (here i and j denote the corresponding inclusion maps). 
-soft and since e − dim Z ≤ {L] it follows that there exists a map G : Z → X (the broken arrow in the above diagram) such that G| Z = ϕ • h| Z (notice also that above diagram is not commutative if G is included in it, however, it can be made approximately commutative). This proves that f 0
It is well known that one of the primary goals of introducing the concept of CW -complexes was the possibility of developing a satisfactory homotopy theory. 
X → X satisfying the following conditions: 
X which is U-close to f and such that f
Proof. Proof of this statement, with minor adjustments, follows Dranishnikov's construction [12] . Lemmas 2.6 and 2.7 from [4] (see also [12 : X n+1 → X n so that X 1 is the given polyhedron X considered with the given triangulation τ . As in [12, Lemma 2.3], we may assume that S is L-resolvable inverse sequence. We let µ
X → X be the limit projection p ∞ : lim S → X 1 of the given spectrum. As in the proof of [12, Theorem 2.4], we have e − dim(µ
(Property (ii)). Property (i) follows from [4, Proposition 2.22]. Property (iv) is satisfied by construction. If, during the inductive construction, we define X n+1 insuring that the bonding map p n+1 n : X n+1 → X n factors through the projection X n × [0, 1] → X n , then one can easily verify that property (iii) would be also satisfied. 
is closed in X for any n. Since Y is locally finite for any point x ∈ X there exists an open (in X) neighbourhood Ox such that Ox ⊂ X (n) for some n. This implies that a subset F of X is closed if and only if F ∩ X (n) is closed for any n.
Every Hilbert cube manifold, according to the corresponding triangulation theorem, is topologically homeomorphic to the product K × Q of a locally compact polyhedron K and the Hilbert cube Q. Since the projection K × Q → K is a proper (approximately) soft map, it follows that every Hilbert cube manifold is a [{ * }]-polyhedron. It is important to note however that every [{ * }]-polyhedron is homotopically equivalent to a standard polyhedron. µ n -manifolds (i.e. spaces locally homeomorphic to the n-dimensional universal Menger compactum µ n ) can also be "triangulated" in certain non-standard sense (see a comprehensive discussion of related matters in [13] , [5, Chapter 4] ). In particular, they admit proper approximately [S n ]-soft maps onto standard polyhedra and consequently are [S n ]-polyhedra in our sense. They are [S n ]-homotopy equivalent to standard n-dimensional polyhedra.
3.2.
[L]-homotopy groups. Let S n denote a unit n-sphere. Fix a point s ∈ S n . For each n ≥ 0 we consider an n-[L]-sphere, i.e. a compactum of extension dimension at most [L] which admits an approximately [L]-soft mapping onto 
.
Since S n is an ANE-compactum there exists an open cover U ∈ cov(S n ) such that any two U-close maps (defined on any compactum) are homotopic as maps into S n (this is Proposition 3.3 with L = { * }). Now consider the following commutative diagram (consisting of unbroken arrows)
and f • q is U-close to g. Choice of the cover U guarantees that g • p ≃ f and f • q ≃ g. We may assume without loss of generality that these are homotopies relative to the given points s [L] and q [L] .
Next note that
According to Proposition 3.5, q•p
rel s [L] . We shall refer to mappings constructed as described above as Define a mapping φ : π
n (X, x 0 ) using the mapping p. It is easy to check that φ and ψ are welldefined. Clearly they are inverses to each other. Thus, there exists a bijection between the sets π
n (X, x 0 ). Therefore, the set π 
n (Y, y 0 ) can be defined in a standard way. Our next goal is to introduce a group structure on π
) are well-defined homomorphisms. Moreover, this structure will be defined so that bijections φ and ψ, generated by [L]-homotopy equivalences of canonical type, are group isomorphisms.
Let α and β be two elements of the set π 
such that a(f −1 (E)) = s [L] and the composition f + • a is U-close to the com-
. Similarly, there exists a mapping b :
Here is the corresponding diagram (commutative up to [L]-homotopy): 
does not depend on the choice of representatives a and b (and mappings a and b). Now we can define the product of α and β by letting
where e is a constant mapping which sends S n [L] to the point x 0 . Finally, given an element α ∈ π
n (X, x 0 ) with respect to the operation * as follows.
Here is the diagram (as before commutative up to [L]-homotopy):
) → (X, x 0 ) does not depend on the choice of representative a and of the mapping g. This allows us to define α
. It only remains to note that α
n (X, x 0 ).
Model category structure on TOP generated by a finite complex
In this section we prove our main results which states that the category TOP admits a model category structure whose weak equivalences are weak [L]-homotopy equivalences. We begin by introducing the needed classes of morphisms.
is a bijection of pointed sets for n = 0 and an isomorphism of groups for n ≥ 1. Below we shall use the following fact, proof of which is trivial.
In order to verify axioms of model category we need to obtain a characterization of acyclic [L]-fibrations in terms of the RLP.
Lemma 4.4. An [L]-fibration p : X → Y is acyclic iff it has the RLP with respect to any pair
S n [L] ⊂ D n+1 [L] , where D n+1 [L] is an (n + 1)-[L]-disk and S n [L] is a corresponding n-[L]-sphere, n = 0, 1, . . . .
Proof. First let us prove the following claim.
Claim. 
1/2 ) are subpolyhedra of τ . According to Proposition 3.6, one can construct mapping f so that restrictions of f on preimages of subpolyhedra of
is a mapping which collapses D 
. Since p is acyclic and f | S n 
admits an approximately [L]-soft mapping onto S n+1 and hence represents an (s [L] )) as follows:
as follows:
The mapping k represents the product of α and α
provided by Proposition 3.6. According to (iv) of that proposition we
-disk and corresponding n-[L]-sphere) provided by the Claim. Let also τ denote the correspondent triangulation of
which satisfies conditions (i)-(iv) of Proposition 3.6 and the corresponding
We assume that condition (iv) of Proposition 3.6 is satisfied with respect to the same tri-
is also approximately [L]-soft. The further proof consists of two steps. First we apply the RLP of p with respect to the pair S 
It is easy to check that
In what follows we identify compacta 
We have to find a lifting G of F extending G. Since p has RLP with respect to the pair S
[L] provides us with the desired lifting G.
is denoted still by f . As above, we can find an embedding
are approximately [L]-soft there exists a retraction r :
= p • G. Since, as shown above, the mapping p possesses RLP with respect to the pair S
→ X which extends the
→ X is a lifting of F extending G, as required. Proof of the necessity is completed. Now we show that the condition of the Lemma is also sufficient. Let p : X → Y be a fibration possessing the RLP with respect to any pair S
-sphere, n = 0, 1, . . . . We need to show that p is acyclic. Fix n = 0, 1, . . . and a point x 0 ∈ X. Let y 0 = p(x 0 ). Consider an arbitrary element α of the group π
Therefore element α can be represented by means of a mapping f :
[L] → x 0 be a constant mapping. Applying RLP of p to the pair S n−1
It is easy to see that f = p • F . This shows that p induces an epimorphism of n th -[L]-homotopy groups. Consider now a mapping F : 
). Therefore we can begin the inductive construction applying RLP of p to the pairs x ∈ g −1 (y) for each y ∈ Y (0) (the point x is arbitrary). We perform inductive steps applying Lemma 4.4. Finally, the resulting map F is continuous by virtue of the fact that C is closed subspace of X if and only if C ∩ X (n) is closed for each n (see remarks following Definition 3.7).
Next we need the following proposition. (b) Let F be the set of all inclusions {f t : A t ֒→ B t ; t ∈ T } of finite [L]-polyhedra such that A t and B t are AE([L])-spaces. For each t ∈ T consider the set S(t) which contains all pairs of maps (g, h) such that the following diagram In conclusion let us show that our notion of [S n ]-fibration differs from the usual notion of n-fibration. Consequently the model category structure generated by L = S n in theorem 4.7 differs from the one described in Theorem C (note, however, that these two structures have identical weak equivalences). It is unclear if the model category structure generated on TOP by L = {point} coincides with the one described in Theorem A (although classes of weak equivalences are identical and the notion of [L]-homotopy coincides with the notion of usual homotopy in this case).
To this end let n ≥ 0 and let X and Y be copies of the n-dimensional universal Menger compactum µ n . Consider the Dranishnikov's resolution p : X → Y constructed in [13] (see also [5, §4.2] ). Observe that the map p, being polyhedrally n-soft, is an acyclic n-fibration. Note that p is (n − 1)-soft, but not n-soft. The latter means that there exists an at most n-dimensional compactum B 0 , a closed embedding i 0 : A 0 ֒→ B 0 and two maps α : A 0 → X and β : B 0 → Y such that there is no lifting of β, extending α. In other words, the following commutative diagram of unbroken arrows
